
Third International Conference on Numerical Methods in Geomechanics /Aachen /2-6 April 1979 
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Soil bases are, as a rule,composed 
of layers with different mechani-
cal properties and the abvisabil i -
ty of considering the non-linear 
relation between stresses and 
strains in so i l s i s now universal-
ly recognized* The consideration 
of so i l properties, according to 
the theory of plastic deformation, 
makes i t possible to bring closer 
together the estimated and experi-
mental results. As may be seen 
from the experimental data and the 
results of the solation of some 
problems the angles of rotation of 
originally horizontal areas for 
the zones with considerable defor-
mations of the base below the ed-
ges of a rigid loading plate are 
as great as 45°• This also genera-
tes a need f or considering the 
angles of rotation in equilibrium 
equations of an element of a volu-
me when defining the variation in 
size of the linear elements. 

Below are given the input equa-
tions wherein the non-linearities 
of two types are taken into account, 
viz#s physical and geometrical 
ones what complicates the problem 
to a considerable extent and impe-
des the possibi l i ty of i t s analy-
t ica l solution. The method of f i -
nite differences i s uti l ized f o r 
the numerical solution of the 
problem. The two^layer base loa-
ded by the rigid plate i s treated 
under conditions of a plane strain. 

The presence of a weak so i l lay-
er gives r ise to the substantial 
strains of the two-layer base and 
the plate settlements what deter-
mines the advisability of conside-
ring the geometrical' non-linearity. 

The physical delations of the 
so i l straining are taken as (Kri-
gel H.I.,1973). 

a* law of deformation 
r _ [BK+E^qp] <6t 

( l ) 
b. law of volumetric straining 

= + F V 6 ^ (2) 
where <6cp = <6., + + <t>3 /S 

A*, , C* , I>K ,Ek Ak A paramet-
ers defined experimentally for 
each oase layer "k", kK =tg tan-
gent of the angle of internal 
f r i c t i on , BK = coef f i c ient charac-
terizing vhe non-linear properties 
of the law of deformation, GK =pa-
rameter of so i l cohesion, 
'DK<bcpz term taking into considera-
tion the influence of tydrostatic 
head on volumetric strain (intensi-
ty of the volumetric strain growth 
attenuates with increase of the 
average stress) , EK considers the 
influence of the average stress 
on the deformation (the greater 
the value EKcp , the closer the 
relation to that of l inear), 

=term taking into considera-
tion the influence of tangential 
stresses on the volumetric strain. 
The physical relations of the soi l 
straining are taken from the graphs 
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of stabilimetric test ^ m ) 
The so i l samples were tested f o r 

tr iaxial compression. The cyl ind-
r i ca l sample was subjected to the 
axial, <62 , and lateral pressures, 

la thia case 

In the general case a set of the 
input d i f ferent ia l equations of 
mechanics of continuous media ta -
king account of the physical and 
geometrical non-l inearities i s 
written in a tensor form (Novochi-
lov,V.V.,1958). The f ina l strain 
of an elementary volume of the 
so i l base i s completely defined by 
six components of a strain tensor, 
&IL , which are related to the 

derivatives of projections of a 
displacement vector, U^ , by Greenfe 
relations 

H  s 2  + ' x  ( 3 )  

where i , j , n = l , 2 , 3 . c 
The relative strain, t , of a 

section,-Cxc » pax^allel to the 
strain of X^ -ax i s i s determined 
using the components by Eq.(4) . 

D 4 
£ r A l i ~ ( A O Q .\VZ (4) 

Equilibrium1 equations 

where i , j , n = l , 2 , 3 
O in = component of Kroneker's 

unit tensor, V and V* =volume of 
the element respectively before 
and after the strain, F-L =projec-
tion of a vector of a spec i f i c vo-
lumetric force acting at a respec-
tive point of a deformed body on 
the axis of Cartesian system X^ , 

^components of the tensor of 
tire generalized stresses related 
to the actual and relative stress-Vw. r * ^ true 

( 6 ) 
r s x £ <I+ E. - X K 

1 + E X W 
(7) 

where Sxj. and Sxj =sizes of the 
element areas before and after the 
strain, SX L /SX L c o e f f i c i e n t of 

o o 

tche change in size of the areas 
i n i t i a l l y normal to the XL -axes, 
Exrt =relative linear strain along 
the X h - a x i s , true and<6u-
components of trfe actual and re la -
tive stresses along the unit vec-
tors tangential to coordinate l i -
nes X h i n the body deformed. 

The actual stress i s defined as 
a ratio of the force vector to 
the area of the element deformed, 
and the relative one- to the area 
of the element non-deformed* Jhe 
relation between the values 6 u 
and i s defined from Henley's 
ratios 

where G = I I . * / 1 1 
<& £ ) 

The regularit ies of the change of 
the volume, £ 0 , and the form, 
which are identi f ied with the mag-
nitudes and I I £ are usually 
studied in the tests . The values 

£ c and are expressed in terms 
of the experimentally defined 
principal relative elongaticn s E* $ j 
E* Ey * 

The values £ c and enter into J 
the regularit ies of the change of 
the f i r s t and the second invariants 
of the strain tensor. In case of 
the plane strain one of the prin-
cipal elongations, E^ , equals zero. 
$hen from Eqs«(4) and (9) we get 

£ I (10) 
From ii)qs.(lO) one may define the 

change of the strain invariants, 
I g and I I £ as a function of 

the relative stresses, <6u using 
the experimentally defined regula-
r i t i e s of the change of and £i . 
For a given case the physical equa-
tions wi l l define the relations 
between the components of the ten-
sor of the f ina l strain, t u a n d 
the relative stresses, e>iL. One 
should take advantage of ?2qs#(7) 
f o r the transition to the genera-
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lized stresses. In the equations 
written in a tensor form the sum-
mation from 1 to 3 i s carried out 
with the repeating indices. The 
comma ahead of the index s igni f ies 
the differentiation of the expres-
sion with respect to the variable 
with the index considered. E q s . 0 ) , 
(5) and (8) should be correlated 
with the given stat ist ical condi-
tions on the base surface. On the 
boundary between different so i l 
layers one assumes the condition 
of equality of the movements of 
soi l particles closest to the 
boundary. The input di f ferential 
equations and the boundary condi-
tions of the problem are presented 
in a f inite-di f ference form. The 
zone of confined dimensions i s 
separated from the base and cove-
red with the irregular network in 
the nodal points of which the in-
put di f ferential equations are 
approximated. The bottom and side 
boundaries of the marked out sec-
tion of the base are taken at the 
sufficient distance from the place 
of the application of the external 
load to neglect the displacements 
caused by these loads at the boun-
daries of the zone in question. 
The design scheme of the base with 
the above stated dimensions and 
the accepted boundary conditions 
i s given in Fig . I . 

U'-O 
V*Vf 

1 ' I : 0:1=0 

re<yyer 

leayer 

±£L 
TN'-FR**', V--S 

Ur-.Un : VTsVt 

Xn*1z'.6n; \('-O 
y M 

238 — 

- m 

Fig . l . Design scheme of the base 
When solving the problem under 

consideration with respect to the 
displacements, the set of the f i -
nite-difference equations may be 
represented as 

[ K ( U ) ] { U } = { P } + { P (U) } (11 ) 

where [K(m)] =rigidity matrix,de-
pending on the nodal, movements, 

built up of the elements expressed 
in terms of the sum of the volume 
and shear moduli, { p}=vector of 
the summarized external forces 
where of the components are formed 
by reducing a l l the external f o r -
ces acting on the element to the 
nodal point load,{u} =vector of 
the summarized displacements, 
-fp^CU)} =vector of the f i c t i t i -
ous forces caused geometrically 
by the non-linear part of the d i f -
ference equations,e.g. K(U + U2) = p 
K(U)+KUz = p where K(u)=matrix ' 
element, KU2 = f i c t i t i o u s force. 

The solution of a set of the 
non-linear algebraic equations 
(11) i s effected by the method of 
successive approximations accor-
ding to the following recurrent 
relation: 

[K = { p } + {p N L (u m -^ 
where m=number of the iteration. 
Beginning with an original appro-
ximation IM0 } , t h e iterations are 
performed up to the convergence 
on the basis the recurrent rela-
tion (12). Checking f o r convergen-
ce i s fa i r ly time-consuming since 
i t takes the great number of ca l -
culations. Therefore the simplier 
conditions are adopted as a cr i te -
rion of the convergence of the 
iteration procedure (12). 

r n o c J l [ { M B - M P ) / M B ] < Z 
where mod=sbsolute value, RB and 
Rp = total forces of external and 
reaction loads on the plate, r= 
given small positive value, 
and M =moments of external and 
reaction loads with respect to 
the central plate axis. Basing on 
the given algorithm, the program 
of the numerical solution of the 
non-linear problem on the computer 
"JSC" has been compiled. 

Below is given the study of the 
geometrical non-linearity ef fect 
on the computation results only 
f o r the two-layer so i l base in the 
sublimiting state. 

A number of researchers, while 
carrying out the f i e l d tests on 
the strat i f ied bases, made use of 
the lxlm plate by 112.6cm in dia-
meter. In this connection, when 
considering the stress-strain 
state of the two-layer base with 
regard to the embedment depth of 

1001 



tii© weak layer, we made use in c a l -
culations of the strip plate width 
equal to 1 BU 

A few types of the two-layer ba-
ses were considered with regard to 
the so i l deformability. 

The parametei^s of physical laws 
(1) , (2) f o r the so i l kinds under 
consideration are adopted as f o l -
lows: 
sand- A=0,8, B=0,0008, c=0, D= 

=0.0038 MPa~0»5, E=0, 
F=0.03 MPa"1, * =0.5-

loam A=0.75, B =0.007, C=0.04 MPa, 
D-0#0015 MPa~0#5,E=0, 
FsO.Ol MPa-1, =0,67. 

s i l t A=1.64, BS0#03t C=0.01MPa, 
I)ss0«015 MPa~°>5f E=0.85MPa""1, 
F=0.2 MPa""1, (A =0.5-

At the Institute of Bases and 
Underground Structures there were 
carried out experimental studies 
under the guidance of Vyalov S.S. 
(Vyalov,3.3.,1978 ) on the weak 
clayey so i l with water content of 
36%, as another variety of the 
two-layer base, with the following 
parameters: ASO.68, B«0.0173I 0=0, 
I)=0, E=0, F=0, =0. The upper 
layer represented the medium-grain 
sand with density )( =1«61 g/cm* 
having the following physical pa-
rameters: A=0O9I 0=0, 
D=0000027 MPa""0*5, E=0, 
F=0.007 MPa""1, <A =1*8. 

To compare the results with the 
test data we took the combinations 
of thicknesses of the layers ma-
king up the two-layer base the 
upper dense layer (sand) was vari -
able from 0.5 b to 4 b, and the 
thickness of the underlying weak 
layer ( s i l t ) varied between 0.5 b, 
b and 2 b. The thickness of the 
upper layer ranged therewith from 
0.5 b to 4 b f o r each magnitude of 
the underlying layer thickness. 

There were studied the influence 
of boundary conditions,plate width, 
depth of embedment of the weak so i l 
layer and i t s thickness upon the 
stress-strain state of the t w ~ 
layer base. 

The s trat i f i ed non-uniformity go-
verns the distribution of stresses 
in the foundation base di f ferent 
from that in the uniform base. In 

this case the more i s a dif ference 
in strain characteristics of the 
layers, the greater i s a d iscre-
pancy in distribution of the stres-
ses. The stress-strain state of 
the two-layer base under the rigid 
strip plate i s dependent on the 
boundary conditions over the con-
tact surface of the plate and that 
of the underlying layer, the plate 
width and the load value,the de-
formability of layers characte-
rized by a r,two-layerff parameter, 
n, (rat io of moduli of total de-
formability of so i l s under similar 
loading and plate width), the 
height of the upper dense layer 
and the thickness of the underly-
ing weak layer. Depending on these 
factors , the paper considers the 
two-layer base with regard to the 
embedment depth of the weak layer, 
i t s thickness and deformability. 

Below are given the results of 
calculations of the two-layer 
base in case of the same loading 
P=0.1 Mtf/m^ with the plate width, 
b=lm, with -che di f ferent ! ,two-
layerf,parameter. The thickness of 
the weak layer was taken to be 
equal to D and that of the dm se 
<*andy layer varied from 0«5b to 
4b under the following boundary 
conditions: there was taken on ab-
solute agglutination at the plate 
contact with the so i l base and a 
complete slippage at the interface 
of the weak layer and the r igid 
half-space. 

Fig.2 i l lustrates the character 
of the plate settlements, i t shows 
the relation of the plate se t t l e -
ment versus the height of the 

dense sandy layer. If the thickness 
of the dense layer is small,the 
plate settlement i s great. However, 
as the thickness of the dense layer 
increases up to 2.5b the plate 
settlement goes sharply down, but 
the further increase in thickness 
of the so i l dense layer does not 
lead to the appreciable decrease 
in settlement of the plate. From 
this i t f o l i o s that the optimum 
thickness of the weak layer is 
2.5b f o r the two-layer base. 

Let us consider the character 
of interaction between the dense 
sandy and weak s i l ty layers. The 
analysis of the law of distribu-
tion of vert ical stresses along 
the symmetry axis in depth (Fig#3) 
shows that in case of small thick-
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acs gi g / 5 p f n p d ) 

Fig.2. Relations of the plate set-
tlements (S) versus the 
load (P) f o r various thick-
nesses of the upper layer 
(Hd) 
1-thickness of the s i l ty 
layer i f b similar f o r other 
cases;2-thickness of the up-
per layer 0.5b* 3-the same 
for 2b; 4-the same f o r 3b; 
5-the same f o r 4b;6-thick~ 
ness of the sandy layer of 
5b. 

nesses of the upper dense layer 
(less than 0.5b) f o r a l l the 
adopted thicknesses of the weak 
layer (0.5b, b, 2b) the disper-
sion of stresses does not come 
about and the weak layer i s Sub-
jected to the relatively great 
invalue stresses. The graphs 
(Fig.3) show that in case of the 
thicknesses of the upper dense 
layer of the order of 0.5b the 
substantial concentration of the 
vertical stresses in the weak 
layer i s evident, as a result the 
considerable strains of the weak 
layer under the plate take place. 
Analyzing the regularit ies of the 
variation of the shear moduli in 
the foundation base, one may draw 
a conclusion that the relat ively 
rigid to shear zone i s formed in 
the dense layer under the plate, 
and the attenuated to shear zone 
i s observed in the layer under 
the plate edges. The increase in 
thickness of the upper dense layer 
results in reducing the stress 

T 

O 4 S f2 £yf°/o) 
<y) 

0 a2 Op 0.6Sy/p 

Fig.3. Distribution of relative 
strains (a) and 
stresses (b) across 
the vase depth versus 
the upper layer thickness 
Ĥ  with the s imilar 
thickness of the weak 
layer H^sb and the load 
P=0.1 MPa 

1-thickness of the upper layej 
of 0.5b;2-the same for b;3-th< 
same f o r 2bf4-the same f o r 4b« 

concentration in the weak layer 
(the ratio of the max vert ical 
stresses on the symmetry axis in 
the weak layer and that in the 
dense layer i s close to unity in 
case of the identical thicknesses 
of the upper and underlying lay-
ers of 0.5b, this rat io i s equal 
TJO O.D with the thickness of the 
underlying layer of 0.5b and 
that of the upper one of 1.5b,and 
the rat io in question i s 0.2 
with the thickness of the upper 
layer of 4b) . From these results 
i t follows that the distributive 
ab i l i ty of the upper layer becomes 
substantial when the thicknesses 
of this layer are more than 2b 
and the weak layer i s subjected 
to the relatively small stresses 
resulting in small strains of 
such layer (Fig .3) . The vertical 
stresses in the weak layer go 
down with the increase in thick-
ness of the upper dense layer and 
when the thickness of the upper 
layer i s more than 2 b the ver-
t i c a l stresses transferred to 
the weak layer change s l ight ly . 
The vert ica l strains do not 
change substantially as well 
(Fig.3)» The character of Hie 
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variation of the shear moduli in 
the foundation base shows that 
there are formed a c learly defined 
r ig id core extending in the base 
to a depth of 0©5b when the thick-
nesses of the dense layer are more 
than 2b. The weak layer i s subjec-
ted to a practical ly uniform pres-
sure and the shear moduli are 
virtual ly constant. Compared to the 
one-layer base, the vert ica l reac-
tion pressures have greater concen-
tration in the two-layer base un-
der the plate edges. The concentra-
tion of the vert ica l reaction pres-
sures under the plate edges i s 
the most marked f o r the small 
thicknesses of the upper dense 
layer• 

The concentration of the v e r t i -
cal pressures under the plate ed-
ges is relieved with an increase 
thickness of the upper dense layer, 
f o r the thickness of the dense 
layer more than 2.5b the pressure 
distribution under the plate be-
comes practical ly the same as f o r 
the one-layer base. The growth of 
the weak layer thickness results 
in on increase of i t s e f f e c t on 
the stress-strain state of the two-
layer base. For example, with the 
identical thicknesses of the upper 
and underlying layers of 0.5b the 
plate settlement are equal to 5*0cm 
with the thickness of the weak 
layer of b the settlements are 
10«5cm, and with that of 2 b the 
settlements are 16»8cm. The growth 
of the settlements i s not substan-
t i a l f o r the weak layer thickness 
more than 2 b.The calculation r e -
sults ef fected f o r the weak layer 
thicknesses of 0.5b and 2b (Bee 
Fig.4) show that the influence of 
the weak layer of the given sizes 
do not come appreciable f o r the 
dense layer thicknesses over 2b 
and 4 b. 

From the analysis of the general 
graph of the relation of the se t -
tlement versus the thickness of 
the sandy layer with the same s o i l 
parameters one can see that the 
stress-strain state of the two-
layer base i s dependent on the de-
formability of the layers making 
up the base. 

On the theory of l inear e l a s t i c i -
ty f o r defining the modulus of the 
s o i l general deformability one 
makes use of the equation 

^3 J 6- tOOcm 
P'QttiPa 

r 2 

6- tOOcm 
P'QttiPa 

t 

6- tOOcm 
P'QttiPa 

h 

6- tOOcm 
P'QttiPa 

Fig.4. Plate settlements S versus 
thickness of the upper dense 
layer H^ with various thick-
nesses of the underlying 
layer Hw. 

1-thickness of the underlying 
layer Hws2b; 2-the same f o r 
b; 3-the same f o r 0.5b. 

3 = ^ p B O - ^ 2 ) ( 1 5 ; 

where S=total plate settlement, 
&>= coe f f i c i en t of the shape cf 
the foundation base area, b=width 
of the base, p=specific so i l pres-
sure,^! =Poisson fs ra t io . In the 
non-linear solution the physical 
parameter E can integral ly take 
account of the so i l strain pro-
perties of the base under the 
same loads and with the same plate 
dimensions. For the linearly de-
far ma ble medium the "two-layer" 
parameter n i s equal to 

n - r i ) (14) 
E2 ( 4 - j t f ) 

where the indices 1 and 2 relate 
respectively to the upper and un-
derlying layers. From Bqs»(15) and 
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and (14) with the identical values 
of w.P and o i t follows that 

i . e . n i s equal to the 01 ratio of the settlements. For the 
non-linearly deformable so i l s the 
parameter n can also be calcula-
ted as the ratio of settlements 
for the uniform base, v i z . : S]_ 
for the so i l of the upper layer 
with the thickness nonlimited and 
on the surface of which the plate 
is placed to f o r the so i l of 
the underlying layer on the inter-
face of which the same plate i s 
located but the is surcharged by 
the weight of the upper so i l layer. 

Consideration has been given to 
4 kinds of the two-layer bases with 
different values of the parameter 
n=2,10,15,25. Fig.5 i l lustrates 

Fig.5» Plate settlements S versus 
thickness of the upper lay-
er with different parameter 
n. 

l-n=25; 2-n=15; 5-n=10; 4-n=2 
5-settlement of the plate on 
the one-layer sandy base, 
when Hs5b. 

the diagrams of the relation bet-
ween the plate settlements and the 
height of the dense layer H^ and 
the value n as an integral index 
•che layer thickness of b. 

The analysis of the diagrams of 
Fig.5 shows that the plate se t t l e -
ments are sharply increased with 
the growth of n and attenuation of 
the influence of the .weak layer 

with respect to n i s di f ferent . 
When n=2, the plate settlements 
with the same load on the two-lay-
er base are practically coincident 
with that on the one-layer sandy 
base 5b in thickness. While increa-
sing n, the influence of the weak 
layer grows and the respective 
thickness of the dense layer,be-
ginning with which the change of 
the plate settlements becomes in-
signif icant, in the case in point 
equalts 2,5 b. 
CONCLUSIONS 

The calculation of the stress-
strain state of the two-layer base 
under the strip plate shows that 
the influence of the weak layer 
on the state in question depends 
on the embedment depth, the thick-
ness, the deformability of the 
layers making up the base and the 
load value. The presence of the 
weak layer, when n 20, results in 
growth of the plate settlements, 
however, the lower i s the location 
of the interface, the lesser i s the 
influence of this layer, and the 
most optimum height of the dense 
layer, from the standpoint of 
settlement, i s equal to 2.5b. The 
settlements do not decrease sub-
stantially with the further increa-
se in thickness of the upper layer. 
The settlements drop three time s 
off with the increase in thickness 
of the upper dense layer from 0.5b 
to 2,5bt and the plate settlements 
go 1.5-1.4 times down with the 
change of the thickness from 2.5b 
to 4b. In this case the reaction 
pressures under the plate have the 
greater concentration under i t s 
edges in comparison with the one-
layer base. The most intensive in-
fluence of the weak layer comes 
about with i t s thickness up to 2b, 
and the change of the settlements 
and distribution of the reation 
pressures occur to a lesser degree 
with the further increase in 
thickness of the layer, tfith the 
small depth of the weak layer em-
bedment one observes the growth of 
the vert ical stresses under the 
plate edges in comparison with 
the one-layer base. The influence 
of the weak layer on the distribu-
tion of the reaction pressures 
becomes insignificant with i t s 
aepua of embedment of the order of 

1005 



2.5b. The strati f ication of the 
base influences in a greater extent 
on the stress-strain state, when 
n 10. 
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